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Derivation of a reduced effective model allows for a unified treatment and discussion of the J1-J2
Heisenberg model on a triangular and kagome lattice. Calculating thermodynamic quantities, i.e.
the entropy s(T ) and uniform susceptibility χ0(T ), numerically on systems up to effectively N = 48
sites we show by comparing to full-model results that low-T properties are well represented within
the reduced model. Moreover, we find in the spin-liquid regime similar variation of s(T ) as well as
χ0(T ) in both models down to T ≪ J1. In particular, the spin liquid appears to be characterized
by Wilson ratio vanishing at low T , indicating on the low-lying singlet dominating over the triplet
excitations.
Introduction. Studies of possible quantum spin-liquid
(SL) state in spin models on frustrated lattices have a
long history, starting with the Anderson’s conjecture [1]
for the Heisenberg model on a triangular lattice. In last
two decades theoretical efforts have been boosted by the
discovery of several classes of insulators with local mag-
netic moments [2–4], which do not reveal long-range order
(LRO) down to lowest temperatures T . The first class are
compounds, as the herbertsmithite ZnCu3(OH)6Cl2 [5],
which can be represented with Heisenberg S = 1/2 model
on kagome lattice, being the subject of numerous experi-
mental studies [6–9], now including also related materials
[10–15] confirming the SL properties, at least in a wide
T > 0 range. Another class are organic compounds, as
κ-(ET)2Cu2(CN)3 [16–19], where the spins reside on a
triangular lattice. Recently, the charge-density-wave sys-
tem 1T-TaS2, which is a Mott insulator without magnetic
LRO and shows spin fluctuations at T > 0 [20–23], has
been added into this family.
Numerical [24–26] and analytical [27] studies of the
nearest-neighbor (nn) quantum Heisenberg model (HM)
on a triangular lattice (TL) confirm a spiral long-range
order (LRO) with spins pointing in 1200 tilted direc-
tions. Introducing the next-nearest-neighbor (nnn) cou-
pling J2 > 0 enables the SL ground state (g.s.) in the part
of the phase diagram [28–34]. There is even more exten-
sive literature on the HM on the kagome lattice (KL)
confirming the absence of g.s. LRO order [35–39]. The
prevailing conclusion of numerical studies of the g.s. and
lowest excited states is that HM on KL has a finite spin
triplet gap ∆t [39–42] (with some evidence pointing also
to gapless SL [38, 43]), but much smaller or vanishing
singlet gap ∆s ≪ ∆t [35, 42, 44–48]. On the other hand,
extensions into the J1-J2 model [43, 49] with J2 > 0
again leads towards g.s. with magnetic LRO. Still, HM
on both lattices in their respective SL parameter regimes
have been studied and considered separately, not recog-
nizing or stressing their similarity.
In this Letter, with the goal to put extended J1-J2 HM
on TL and KL on a common ground, we construct a re-
duced effective model (EM), which is based on keeping
only the lowest doublet S = 1/2 states in a single trian-
gle. Such an EM has been previously introduced for KL
[35, 36, 50] but not yet studied in connection with the
TL and also not employed to evaluate T > 0 properties.
While such an EM has an evident advantage of reduced
number of states in an exact-diagonalization (ED) study
and hence allowing for somewhat larger lattices (in our
study up to N = 48 sites), it allows also an insight into
the character of low-energy excitations, being now sepa-
rated into spin (triplet) and chirality (singlet) ones. The
main focus of this work is on the numerical evaluation
of thermodynamic quantities, i.e. entropy density s(T )
and uniform susceptibility χ(T ), within the SL parameter
regimes, approached before mostly by high-T expansion
[44–47, 51–53] and only recently with numerical methods
adequate for lower T ≪ J1, both on TL [54] and KL [48].
Wilson ratio. Our results in the following reveal that in
both lattices (in the SL regime) s(T ) and χ0(T ) are very
similar in a broad range of T . Here very convenient quan-
tity is T -dependent modified Wilson ratio R(T ), defined
as
R = 4pi2Tχ0/(3s), (1)
and is equivalent (assuming theoretical units kB =
gµB = 1) to the standard (T = 0 constant) Wilson ra-
tio in the case of Fermi-liquid behavior s = CV = γT .
Definition Eq. (1) is convenient since it has meaningful T
dependence due to monotonously increasing s(T ), having
also finite high-T limit R∞ = pi
2/(3 ln 2) = 4.75. More-
over, it can differenciate between quite distinct T → 0
scenarios: a) in the case of LRO at T → 0 one expects
in 2D (isotropic HM) χ0(T → 0) ∼ χ00 > 0 but s ∝ T 2
[55], so that R0 = R(T → 0) → ∞, b) in a gapless SL
with large spinon Fermi surface one would expect Fermi-
liquid-like R0 ∼ 1 [3, 19, 22], c) R0 ≪ 1 or a decreasing
R(T → 0) → 0 would indicate a dominating low-energy
singlet excitation over the triplet ones [3, 42]. In the fol-
lowing we find in the SL regime numerical evidence for
2the last scenario, which within the EM we attribute to
low-lying chiral fluctuations being a hallmark of SL.
Effective model. We consider the isotropic S = 1/2 ex-
tended J1-J2 Heisenberg model,
H = J1
∑
〈kl〉
Sk · Sl + J2
∑
〈〈kl〉〉
Sk · Sl, (2)
on the TL and KL, where J1 > 0 and J2 refer to nn and
nnn exchange couplings, respectively. The role of J2 > 0
in TL is to destroy the 1200 LRO allowing for a SL [28–
30, 32, 54], while for KL it has the opposite effect [49].
Further we set J1 = J = 1 as an energy scale. Model
(2) on both lattices can be represented as coupled basis
triangles [35, 36, 50] where we keep in the construction
of the EM four degenerate S = 1/2 states (local energy
E0 = −3/4), neglecting higher S = 3/2 states (local
E1 = 3/4),
| ↑ ±〉 = 1√
3
[| ↓↑↑〉+ e±iφ| ↑↓↑〉+ e∓iφ| ↑↑↓〉],
| ↓ ±〉 = 1√
3
[| ↑↓↓〉+ e∓iφ| ↓↑↓〉+ e∓iφ| ↓↓↑〉], (3)
where φ = 2pi/3, ↑, ↓ are (new) spin states and ± refer
to local chirality. One can rewrite Eq.(2) into the new
basis acting between nn triangles 〈i, j〉, using new local
S = 1/2 spin operators si (i referring to triangles) and
pseudospin (chirality) operators τi. The EM can be then
written as,
H =
1
2
∑
i,d
si · sj(D +Hdij), (4)
Hdij = Fdτ+i τ−j + Pdτ+i +Qdτ+j + Tdτ+i τ+j +H.c,
where directions d = 1–6 and j = i + d run over nn
sites of site i, and new lattice is again TL. We note that
Eq. (4) corresponds to the one considered for simplest
KL [35, 36], but it is valid also for TL and nnn J2. It
is remarkable that the spin part remains SU(2) invariant
whereas the chirality part is not, i.e., it is of the XY form.
Here we display only D and Fd terms,
D =
2
9
J +
1
3
J2, F = −4
9
J +
4
3
J2, TL (5)
D =
1
9
J +
2
9
J2, Fd =
4
9
eiφdJ +
8
9
e−iφdJ2, KL
where φd = ±2pi/3 is alternating among bonds d = 1–
6. Other terms with Pd, Rd, Td are as well nonzero and
are explicitly given in the Supplement [56]. In contrast
to D,Fd, Eq. (6), their coupling averaged over nn bonds
vanishes, e.g., P¯ = (1/6)
∑
d Pd = 0. This would indicate
that such terms are less crucial, which is only partly true,
as we test furtheron comparing results of the EM with
the simplified EM (SEM), containing only D,Fd terms.
Eqs. (4),(6) yield some basic insight into the similari-
ties and differences of HM on KL and TL. While χ0(T )
is governed entirely by s operators, low-T entropy s(T )
(and specific heat) involves also chirality τ fluctuations.
In TL at J2 = 0 τ coupling is ferromagnetic and favors
spiral 1200 LRO. τ fluctuations are enhanced via J2 > 0
reducing F and finally F → 0 on approaching J2 ∼ 0.3.
Still, before that Pd, Qd, Td terms become relevant and
stabilize SL at J2 ∼ 0.1 [28–32]. It should be stressed
that in TL a standard LRO requires ordering of s and τ
operators. On the other hand, KL at J2 = 0 has complex
and alternating Fd where |ImFd| < |ReFd|, indicating the
absence of LRO. Here, J2 > 0 reduces |ImFd| and on ap-
proaching J2 ∼ 0.5 one reaches real Fd < 0 connecting
KL model to TL at J2 = 0 and related LRO, as observed
in numerical studies [49].
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Figure 1. Results for the effective model (EM) and simplified
effective model (SEM) for the triangular lattice, compared
with the full HM. All results for are for N = 30 sites [54]: a)
for entropy density s(T ) and b) uniform susceptibility χ0(T ).
c) and d) same quantities for the kagome lattice, compared
to full HM, all on N = 42 sites [48].
In the following we focus on the numerical evalua-
tion of the thermodynamic T > 0 properties of EM and
SEM. We calculate quantities entering the Wilson ratio,
Eq. (1), i.e. the entropy density s(T ) and the uniform
susceptibility χ0(T ). Both quantities are calculated (see
definitions and details in [56]) via the finite-temperature
Lanczos method (FTLM) [57–60], which has been re-
cently used to calculate T > 0 static and dynamical prop-
erties of J1-J2 HM of TL up to N = 30 sites [54], as well
as thermodynamic T > 0 quantities on KL with up to
N = 42 sites [48]. It should be reminded that for ther-
modynamic quantities involving only conserved quanti-
ties [59, 60] computer requirements are essentially equal
as for ED g.s. determination and we are limited by the
number of basis states. Since SEM has besides total sztot
conserved also τztot we can reach in this case N = 48
sites (N˜ = 16 in reduced lattice), while for EM we use
3up to N = 42 sites. Moreover, FTLM results are ex-
pected to become macroscopic (i.e. size independent) for
higher T > Tfs. Here, the frustration works in favor of
the method and we can reach Tfs ≪ 1. Since the con-
dition for Tfs is closely related to entropy and at given
N , we can locate s(Tfs) . 0.07 for a given model (for
gapped systems FTLM can be followed even to T → 0).
Entropy and uniform susceptibility. Let us first bench-
mark results within the EM and SEM with the existing
results for the full HM on TL and KL. In Figs. 1a,b we
present s(T ) and χ0(T ), respectively, as obtained on TL
for J2 = 0.1 on N = 30 via FTLM on EM and SEM,
compared with the full HM on the same size [54]. The
qualitative behavior of both quantities within EM and
SEM is quite similar at low T < 0.4, although EM (SEM)
miss (as expected) s(T ) with increasing T , but appar-
ently also some part of spin fluctuations reducing the
value of χ0(T ). Still, the peak in χ0(T ) (and related spin
gap ∆s > 0 at low T ) are reproduced well within EM, and
less satisfactory within SEM. Similar conclusions emerge
from Figs. 1c,d where corresponding results are compared
for the KL, where full-HM results for s(T ) and χ0(T ) are
taken from study on N = 42 sites [48]. Here, EM clearly
reproduces reasonably not only spin gap ∆s ∼ 0.1 but
also singlet excitations dominating s(T → 0), while ap-
parently EM underestimates the value of χ0(T ).
After testing (S)EM with the full model, we present in
Figs. 2,3 (S)EM results for s(T ) and χ0(T ) for both lat-
tices as they vary with J2 > 0. In Fig. 2a,b we follow the
behavior on TL for different J2 = 0, 0.1, 0.15. From the
inflection point at s(T ∼ Ts) one can speculate on the co-
herence scale (in the case of LRO) or possible (singlet) ex-
citation gap ∆s . Ts (in the case of SL), at least provided
that Ts > Tfs. On the other hand, an inflection point of
χ0(T ∼ Tt) would indicate on the onset of spin coherence
or spin (triplet) gap Tt . ∆t. Although the influence of
J2 > 0 does not appear large, it still introduces a quali-
tative difference. From this perspective s(T ) within EM
at J2 = 0 reveals higher Ts ∼ 0.12 (even Ts ∼ 0.25 for
SEM) not excluding s(T < Ts) ∝ T 2, consistent with a
spiral LRO at T = 0. Still Ts ∼ Tfs within EM, so we
can hardly make stronger conclusions in this case. On
the other hand, for J2 = 0.1, 0.15 where the SL can be
expected [28, 32, 33] the EM reveals smaller Ts ∼ 0.05
which is the signature of the singlet gap (which could still
be finite-size dependent). More important, results con-
firm large residual entropy s ∼ 0.1 = 0.14smax even at
T ∼ 0.1. This is in contrast with χ0(T ) in Fig. 2b which
reveal T -variation weakly dependent on J2. While for
J2 = 0 the drop at χ0(T < Tt) is the signature of finite-
size spin gap (where due to LRO χ00 = χ0(T → 0) > 0
is expected) J2 = 0.1, 0.15 cases are different since van-
ishing χ00 could confirm the spin triplet gap ∆t > 0.1
beyond the finite-size effects, i.e. Tt ∼ 0.1 > Tfs. The re-
sult of SEM are to some extent similar to EM, but they
over-amplify the tendency to LRO for all J2.
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Figure 2. Results within EM and SEM on triangular lattice
for different J2 = 0, 0.1, 0.15; a) for s(T ), and b) χ0(T ).
In Figs. 3a,b we present the same quantities for the case
of KL, now for J2 = 0, 0.2, 0.4. The effect of J2 > 0 is
opposite, since it is expected to recover the LRO at J2 ∼
0.4 [49], with 1200 spin orientation analogous to J2 = 0
TL. The largest low-T entropy s(T ) is found for KL with
J2 = 0. Moreover, EM here yields a quantitive agreement
with the full HM [48], revealing large remanent s(T ) due
to singlet (chirality) excitations down to T ∼ 0.01 [42].
Here, in comparison to EM the SEM fails to distribute
the drop of s(T ) over a wider T range, but nevetheless
reveals large s(T ) down to T ∼ 0.05. The evident effect
of J2 > 0 is to reduce s(T ) and finally leading s(T ) ∝ T 2
at large J2 ∼ 0.4 which should be a regime of magnetic
LRO [49]. Again, at J2 = 0 in contrast to entropy χ0(T )
has well pronounced downturn (both EM and SEM) at
T ∼ 0.1 consistent with the triplet gap ∆t ∼ 0.1 found
in most other numerical studies [42, 45–48]. Introducing
J2 > 0 does not change χ0(T ) qualitatively, although
SEM indicates on saturation of χ00 (consistent with LRO
at T = 0).
Wilson ratio - results. To calculate R(T ), Eq. (1), let us
first use available results for full HM for TL [54] and KL
[48], comparing in Fig. 4 also the result for unfrustrated
HM on a square lattice [54]. Here, we take into account
data for T > Tfs, acknowledging that Tfs are quite differ-
ent (taking s(Tfs) ∼ 0.1 as criterion) for these systems,
representative also for the degree of frustration. Fig. 4 al-
ready confirms different scenarios for R(T ). On a square-
lattice HM starting from high-T limit R(T ) reaches min-
imum at T ∗ ∼ 0.7 and then increases consistent with
R(T → 0) → ∞ for a 2D system with T = 0 LRO. The
same behavior appears for TL at J2 = 0 with a shallow
minimum shifted to T ∗ ∼ 0.3. In contrast, results for
KL as well as for TL with J2 = 0.1 do not reveal such
increase, at least not for T > Tfs, and they are more
consistent with the interpretation that R(T → 0)→ 0.
Finally, results for R(T ) within (S)EM are shown in
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Figure 3. Results within EM and SEM on kagome lattice for
different J2 = 0, 0.2, 0.4; a) for s(T ), and b) χ0(T ).
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Figure 4. Wilson ratio R(T ), evaluated from s(T ) and χ0(T )
for full HM on square lattice, triangular lattice with J2 =
0, 0.1 [54], and kagome lattice [48]. Results are presented for
T > Tfs.
Fig. 5a,b as they follow from Fig. 2,3 for different J2 ­ 0.
We recognize that EM qualitatively reproduce numerical
data within the full HM on Fig. 4. Although for J2 = 0
TL results in Fig. 5a fail to reveal clearly the minimum
down to Tfs ∼ 0.1, there is still a marked difference to
the SL regime J2 = 0.1, 0.15 where EM confirms R0 ≪
1. The SEM for TL apparently overestimates R(T ) at
low T , due to too low s(T ). Results within (S)EM for
KL, as shown in Fig. 5b, are even better demonstration.
Here, for J2 = 0 EM and SEM yield quite similar R(T ),
decreasing and tending towards R0 ∼ 0. On the other
hand, the effect of finite J2 > 0 is well visible and leads
towards LRO with R0 → ∞ for J2 = 0.4, while again
SEM presumably overestimates R(T ) for J2 = 0.2.
Conclusions. Presented results for entropy s(T ), suscep-
tibility χ0(T ) and in particular the Wilson ratio R(T )
reveal similarities between the HM in the SL regimes on
TL and KL, apparently not stressed so far. The intro-
duction of effective model delivers also a useful analyt-
ical insight. Apart from offering some numerical advan-
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Figure 5. R(T ), evaluated within EM and SEM for: a) TL
with J2 = 0, 0.1, 0.15, and b) KL for J2 = 0, 0.2, 0.4.
tages of reduced number of basis states, essential for ED
methods, (S)EM clearly separate effective spin degrees
si, determining χ0(T ), and chirality degrees τi which do
not contribute to χ0(T ) but enter the entropy s(T ) and
related specific heat. The essential common feature of SL
regimes in HM on both lattices is a pronounced remanent
s(T ) > 0 at T ≪ J , which within the (S)EM has the ori-
gin in dominant low-energy chiral fluctuations, well below
the effective spin triplet gap ∆t which is revealed by the
drop of χ0(T ). As a consequence we observe the vanishing
of the Wilson ratio R0 = R(T → 0)→ 0, which might be
quite generic feature of 2D SL. Clearly, due to finite-size
restrictions we could hardly distinguish a spin-gapped
system from scenarios with more delicate gap structure
which could also lead to renormalized R0 ≪ 1. Moreover,
it is even harder to establish beyond finite-size the singlet
gap ∆s > 0, which from R(T ) should nevertheless satisfy
∆s < ∆t.
Quantities discussed above are (in principle) measur-
able in real materials and have been indeed discussed for
some of them. There are evident experimental difficul-
ties, i.e., χ0(T ) can have significant impurity contribu-
tions while s(T ) may be masked by phonon contribution
at T > 0. The essential hallmark for material candidates
for the presented SL scenario should be a substantial
entropy s(T ) persisting well below T ≪ J . There are
indeed several studies of s(T ) reported for different SL
candidates (with some of them revealing transitions to
LRO at very low T ), e.g., for KL systems volborthite [10],
YCu3(OH)6Cl3 [15], and recent TL systems 1T-TaS2 [21]
and Co-based SL materials [61]. Still, our model studies
cannot exclude the relevant effect of additional terms,
e.g., the Dzaloshinski-Moriya interaction [62, 63] and/or
3D coupling, which can reduce s(T ) or even induce LRO
at T → 0.
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In the Supplemental Material we provide the full description of the effective model as well as some
more details concerning the numerical method.
I. THE EFFECTIVE MODEL
Starting with the extended J1 − J2 Heisenberg model,
Eq. 2 in the main text, and using the restricted basis of
S = 1/2 states on a single triangle, Eq. 3, we derive the
effective model, Eq. 4, valid for both triangular lattice
(TL) and the kagome lattice (KL),
H =
1
2
∑
i,d
si · sj(D +H
d
ij), (1)
Hdij = Fdτ
+
i τ
−
j + Pdτ
+
i +Qdτ
+
j + Tdτ
+
i τ
+
j +H.c,
where i runs over all sites (triangles) in the new triangular
lattice and d = 1–6 over all nn sites (triangles). It is
significant that the (new) spin part is isotropic, i.e. si ·sj
is SU(2) invariant, while the chirality operators are only
of the XY type, i.e. only τ+i , τ
−
j enter. Note that taking
into account only D,Fd terms Eq. (2) conserves both
total sztot =
∑
i s
z
i but also τ
z
tot =
∑
i τ
z
i , while τ
z
tot is
not conserved when also Pd, Qd, Td terms are taken into
account.
Triangular lattice. As already given in Eq. 5 in the main
text, the leading terms are given by
D =
2
9
J +
1
3
J2, F = −
4
9
J +
4
3
J2 (2)
Further terms directly depend on the direction d and are
given by
P1 = −
4
9
J, P2 =
2
9
ω∗J, P3 = −
4
9
ωJ,
P4 =
2
9
J, P5 = −
4
9
ω∗J, P6 =
2
9
ωJ,
T1 = −
4
9
J, T2 = −
4
9
ωJ, T3 = −
4
9
ω∗J (3)
with Td+3 = Td and Qd = Pd+3, where we denote ω =
exp(iφ) with φ = 2pi/3. It is worth noticing, that in
Pd, Qd, Td terms J2 does not enter. It can be also directly
verified that such coupling averaged over all nn bonds
vanish, i.e.,
P¯ =
1
6
∑
d
Pd = 0, Q¯ = T¯ = 0, (4)
which might indicate that these terms are less important.
This is, however, only partially true since the latter terms
also play the role to distribute the increase of entropy
s(T ) in a wider T interval.
Kagome lattice. In the KL one can introduce, without
loosing the generality of the EM, also the third-neighbor
exchange term (across the hexagons) with the coupling
J3. Then D and Fd couplings are given by
D =
1
9
J +
2
9
J2 +
2
9
J3, F1 =
4
9
ωJ +
8
9
ω∗J2+
4
9
J3, (5)
while Fd+1 = F
∗
d . We note that although Fd coupling is
alternating, its average is nonzero, real and negative, i.e.
F¯ = (1/6)
∑
d Fd = ReFd < 0, at least for J2/J < 1/2.
Further terms are given by
P1 = −
2
9
J +
2
9
ω∗J2 −
2
9
ωJ3,
P2 = −
2
9
ωJ +
2
9
ω∗J2 −
2
9
J3,
P3 = −
2
9
ωJ +
2
9
J2 −
2
9
ω∗J3, (6)
P4 = −
2
9
ω∗J +
2
9
J2 −
2
9
ωJ3,
P5 = −
2
9
ω∗J +
2
9
ωJ2 −
2
9
J3,
P6 = −
2
9
J +
2
9
ωJ2 −
2
9
ω∗J3,
with Qd = Pd+3 and
T1 =
4
9
ω∗J −
4
9
ω∗J2 +
4
9
J3, T2 =
4
9
J −
4
9
J2 +
4
9
J3,
T3 =
4
9
ωJ −
4
9
ωJ2 +
4
9
J3, Td+3 = Td. (7)
Again, terms which do not conserve τztot have the prop-
erty P¯ = Q¯ = T¯ = 0.
II. NUMERICAL METHOD
In the evaluation of thermodynamical quantities we use
the FTLM [1–3], which is based on the Lanczos exact-
diagonalization (ED) method [4], whereby the Lanczos-
basis states are used to evaluate the normalized thermo-
dynamic sum
Z(T ) = Tr exp[−(H − E0)/T ], (8)
2(where E0 is the ground state energy of a system). The
FTLM is particularly convenient to apply for the calcu-
lation of the conserved quantities , i.e. operators A com-
muting wth the Hamiltonian [H,A] = 0. In this way we
evaluate Z, the thermal average energy ∆E = 〈H −E0〉,
magnetization M¯ = 〈sztot〉 (nontrivial, e.g., in the pres-
ence of additional external field h > 0 and square of
magnetization M2 = 〈[sztot]
2〉. From these quantities we
evaluate the thermodynamic observables of interest, i.e.
uniform susceptibility χ0(T ) and entropy density s(T ),
χ0 =
M2
NT
, s =
T lnZ +∆E
NT
, (9)
where N is the number of sites in the original lattice.
We note that for above conserved operators A, com-
muting with the Hamiltonian [H,A] = 0, there is no
need to store Lanczos wavefunctions, so the requirements
are essentially that of the g.s. Lanczos ED method, ex-
cept that the summation over all symmetry sectors and
a modest sampling Ns < 10 over initial wavefunctions
is helpful. As symmetries we take into account explicitly
the translation symmetry (for given q), sztot, and for SEM
also τztot. In such framework we can reach system sizes
with Nst < 10
8 basis states, which means EM with up to
N = 42 sites and SEM with up to N = 48 sites.
The main criterion for the macroscopic relevance of
FTLM results is Z(T ) ≫ 1 (at least for system where
gapless excitation are expected), which in practice leads
to a criterion Z > Z∗ = Z(Tfs) ≫ 1. Taking Z
∗ ∼ 20
implies (for N = 42) also roughly the threshold entropy
density s(Tfs) ∼ 0.07, independent of the model. It is
then evident that the actual Tfs depends crucially on the
model, so that large s(T ) works in favor of using FTLM
for frustrated and SL systems.Moreover, in the case of
models with a sizeable gap, e.g. ∆ > Tfs the results of
FTLM can be reliable even down to T → 0 [2].
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